
15. Wars of Attrition∗

In a war of attrition the actors impose limited costs on each other until one side backs

down. Wars of attrition are in some ways the opposite of brinkmanship. The defining

feature of brinkmanship is that there is an outcome that is so costly for all of the parties

that it would be better to give in and accept moderate losses in order to avoid this very

costly outcome. Each side tries to use the other’s fear of this outcome to exert coercive

pressure and induce the other to back down by making threats that leave something

to chance. In a war of attrition, by contrast, the per-period cost is much smaller and,

crucially, less than the payoff to prevailing. This means that each side would be willing to

pay the cost for one round if doing so ensured that the other side would then give up and

back down. The risk is that the other side does not back down, that the war of attrition

lasts many rounds, and that the total cost is very high.

Many conflicts can be seen as wars of attrition. Firms competing for market share

sometimes fight price wars by cutting their prices so low that they lose money. Each

firm hopes the other will eventually give up and withdraw from the market in order to

avoid any further loses. Political campaigns, especially primaries, can often be seen as

wars of attrition. In the campaign-war-chest game discussed in chapter 11, candidates

had to spend money to stay in the race and had to drop out as soon as they ran out

of money. Wars too often become wars of attrition. In the War in Afghanistan, the

Afghan government, the United States, and its NATO allies have acknowledged that

they cannot defeat the Taliban militarily. Nor can the Taliban defeat the combined

strength of the Afghan government and its allies. Both sides continue to fight, imposing

additional costs on each other, until one side becomes much more forth coming in terms of

a settlement. Terrorism too has elements of a war of attrition. Terrorist groups generally

cannot defeat their adversaries. The Irish Republican Army (IRA) could not defeat the

British government. The Basque separatist group ETA could not defeat the Spanish

government. Unable to defeat its adversary, terrorist groups impose costs that mount

over time in the hope that its adversary will eventually concede and meet the group’s

demands.

∗These are lecture notes for PS135/Econ110 at UC Berkeley by Robert Powell.
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This chapter analyzes two kinds of a war of attrition. Resources are limited in the

first, and an actor can fight for a limited time. In the second, the actors can fight as long

as they want and the sole issued is when will each actor decide to cut it loses and quit.

14.1 Wars of attrition with limited resources.

A two-actor war of attrition with limited resources is defined by three elements: each

actor’s payoff to winning, its per-period cost of fighting, and its initial level of resources.

If the two actors are A and B, let vA and vB be the actors’ payoffs to winning (where we

take the payoff to losing to be zero). A and B begin with resources rA and rB and have

to drop out if they run out of resources. A pays per-period cost cA and B pays cB in

every round until the contest ends. A key feature of a war of attrition is that the payoff

to winning is larger than the per-period cost: vA > cA and vB > cB.

The game begins with A deciding whether to quit or fight (see Figure 14.1). The game

ends if A quits. B gets the payoff to winning, vB, and A gets zero. If A fights, A pays cA,

B pays cB, and it is B ’s turn to decide what to do.1 If B quits, A prevails after paying

the cost of having fought one round and gets vA − cA. B gets the payoff to losing after

one round of fighting or −cB. If B fights, both actors again pay their per-period cost of

fighting and A has to decide what to do. If A quits, it gets −2cA while B gets vB − 2cB.

If A fights, A and B incur the cost of another round of fighting, and the onus of decision

shifts back to B. The game continues in this way until one of the actors quits or one of

them runs out of resources. (Figure 14.1 presumes that A runs out of resources first after

n rounds of fighting.)

Figure 14.2 reproduces the campaign-war-chest game (see Figure 11.3). Recall that

an incumbent, I, has a war chest of $3 million. The challenger C has $1.5 million. Each

pays half a million a month for as long as the campaign lasts. That is, rI = 3, rC = 1.5,

and cI = cC = .5 We take the payoff to winning to be vA = vB = 5 though the exact

payoff does not matter as long as vA ≥ cA = .5 and vB ≥ cB = .5. (Every payoff (ranking)

1If the actors alternate making decisions, the resulting game has perfect information
and can be solved via backwards induction. If, alternatively, the actors simultaneously
decide what to do in each round, the game will be one of imperfect information and solved
for its subgame perfect equilibria.
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Figure 14.1: A war of attrition with limited resources.

is equivalent as long as each actor’s payoff is larger than its per-period cost.

The last decision in the tree belongs to the challenger. If it quits, it loses but incurs

no further costs. If it fights, it incurs additional costs and still loses because it runs out

of resources. Losing sooner at lower cost is better than loosing later at higher cost, and

the challenger quits at [3].

At the penultimate decision node [2], the incumbent can quit and avoid any further

costs. Or, it can fight for one round and then prevail when the challenger quits at [3].

Because the payoff to prevailing, 5, is larger than the per-period cost of .5, the incumbent

fights. At [1], the challenger again faces the choice of losing sooner by quitting or later at
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Figure 14.2: The campaign war chest war of attrition.

a higher cost by fighting, so the challenger quits.

The key to determining who wins a war of attrition with limited resources is deter-

mining who would run out of resources first if the parties fought to the finish. The actor

who will run out of resources first will be the first to face the choice the challenger did

at [3]. That actor can quit now and lose sooner at lower cost or fight another round and

lose at higher cost because it ran out of resources. Quitting sooner is better and then

strategies unzip from there.

Figure 14.3 shows the last four rounds of the game in Figure 14.1 and how the strategies

unzip. A is the first to run out of resources. At the last decision node [n] where it

is deciding whether to fight for the n-th round, A quits since the payoff to quitting,

−(n− 1)cA = −ncA + cA, is greater than its payoff to fighting −ncA. At the next decision

node up the tree, [n − 1], B can quit and thereby avoid any further loses, i.e., the net

payoff to quitting is zero. Or B can fight, pay the per-period cost one more time, and the

win when A quits at [n]. The payoff to this is vB − cB which by assumption is positive.

So B fights.

Moving up the tree, A faces a choice at [n − 2] between losing now at no additional

cost or losing later at [n] after having paid the cost of having fought for two additional

rounds. A quits. Because A quits at [n − 2], B again can quit at zero cost at [n − 3] or

fight for one more round and then win. B fights.

In short, the strategies in a limited-resource war of attrition unzip in one of two ways

depending on which actor runs out of resources first. If A runs out first as illustrated in

Figure 14.3, it quits at the last decision node and at all earlier decision nodes. B stands
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Figure 14.3: Strategies unzipping from the last decision.

firm at every decision node. If B runs out of resources first, B quits at the end of the tree

and at all earlier decision nodes. A fights at all decision nodes.

This parallels the result in brinkmanship. The side with the greatest resolve is the

first to stand firm as we work back up the tree from very high levels of resolve. Once

an actor stands firm, the strategies unzip. That actor stands firm at all earlier decision

nodes while the other actor quits at all of its decision nodes.

To determine which actor is the first to run out of resources in a war of attrition, let

nA and nB be the maximum number of rounds that A and B can fight. The cost of fighing

k rounds is kcA for A and kcB for B, nA is the largest integer such that nAcA ≤ rR or

nA ≤ rA/cA. Similarly, nB is the largest integer satisfying nB ≤ rB/cB.2

2If nA = nB then one needs to specify a tie-breaking rule in order to define the payoffs.
If, however, the resource endowments rA and rB differ and the per-period costs are small
relative to these endowments, nA and nB will generally not be equal.
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Consider for example the game in which A’s payoffs are rA = 12, vA = 5, and cA = 2.

B ’s payoffs are rB = 16, vB = 10, and cB = 4. Then nA = 6 and nB = 4, so B would run

out of resources first. Even though B ’s resource base is larger than A’s, its burn rate of

cB = 4 is double A’s with the effect that B ’s resources are the first to be depleted.

Note further that the payoffs to winning vA and vB have nothing to do with who wins

(as long as they larger than the per-period cost of fighting). Even though B ’s payoff

to winning is much large than A’s, this has no effect on the equilibrium strategies and

payoffs. As long as the everyone knows everyone’s payoffs, the actors can look down the

tree to see who runs out of resources first and trace this back up the tree.

14.2 Wars of attrition with unlimited resources.

When resources are unlimited, neither side ever runs out of resources and both sides can

fight as long as they want. The game continues to be one of perfect information, but it is

no longer finite and the tree goes on forever.

In reality resources are almost always limited. So what should be made of the assump-

tion that they are unlimited here and that the tree goes on forever? One can think of this

assumption as a simple way of modeling a situation in which the players are uncertain

about which side will run out of resources first, possibly because the actors are uncertain

about their payoffs or burn rates. (We will eventually develop the tools to model this

kind of uncertainty explicitly when we take up asymmetric-information games.)

As long as the actors are certain about each other’s payoffs, they know which side

will run out of resources first, and this pins down the equilibrium as the strategies unzip

via backwards induction. But when the players are uncertain about who will run out of

resources first, they are generally uncertain about which round will be the last and the

process of backwards induction cannot get going.

While not explicitly modeling the uncertainty, assuming that the tree goes on forever

is a step in this direction. There is no last node in the tree and the process of backwards

induction cannot get going.
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Figure 14.4: The infinite-horizon tree starting at round m.

14.2.1 The infinite-horizon model.

The war of attrition with an infinite horizon is defined solely by the players’ payoffs to

prevailing and their per-period costs. To simplify matters, we assume that the payoff to

winning is v for both players and that the per-period cost is c. Figure 14.4 shows a piece

of the tree starting with the m-th round.

Before solving the game, it is useful to observe that a war of attrition, like the rent-

seeking game studied earlier, is way of allocating a “prize.” As such it is natural to ask

the same questions we asked about rent seeking:

1. How hard does each actor compete for the prize, i.e., how likely is each actor to

fight?

2. What is each actor’s equilibrium payoff?

3. As in the rent-seeking game, competing for the prize is costly in a war of attrition.

What is the expected total cost of the war of attrition and how much of the value

of the prize do the actors dissipate by competing for it?

We will use the equilibria of the game to answer these questions.



14.2 WARS OF ATTRITION WITH UNLIMITED RESOURCES. 8

14.2.2 Pure-strategy subgame perfect equilibria.

The first step in solving the game for its subgame perfect equilibria is to identify the

subgames. A subgame starts at each decision node and includes that node along with the

rest of the tree starting from that node. (This piece of the tree can be enclosed with an

arc that does not cut any information sets because no information set contains more than

one decision node in a game of perfect information.)

The game has two very different pur-strategy subgame perfect equilibria. A always

fights and B always quits in one; A always quits and B always fights in the other. To see

that the first strategy profile is Nash in every subgame, start with the subgame consisting

of the entire game. If A expects B to quit at every one of its decision nodes, then it gets

zero if it quits at the start of the game and v− c if it fights. So fighting at the start of the

game and at all subsequent decision nodes is a best reply for A. If B expects A to fight

at all nodes, then B cannot win. Its best reply is to cut its losses as soon as possible and

quit at its first opportunity. Always quitting is a best response for B. Hence the strategies

are Nash in entire game.

Now consider the subgame starting in the m-th round where A is deciding whether to

quit or fight at cost mc. If, again, A expects B to quit at every subsequent decision node,

then A incurs no additional cost if it quits and its payoff is −(m− 1)c. If it fights, B will

then quit leaving A with v−mc. So fighting at the outset of round m and in all subsequent

rounds is a best response for A. If, by contrast, B expects A to fight at all nodes, then

it cannot win and its best reply is to cut its losses as soon as possible by quitting at its

first opportunity. Always quitting is a best response for B. Hence the strategies are Nash

in every subgame starting with a decision node belonging to A. Repeating the argument

shows that these strategies are also Nash in every subgame starting at a decision node

belonging to B.

In brief, the strategy profile in which A always stands firm and B always quits is Nash

in every subgame and is therefore subgame perfect. Repeating the argument shows that

the opposite profile in which A always quits and B always stands firm is also subgame

perfect.

Even though these very different strategy profiles are subgame perfect, they lack appeal



14.2 WARS OF ATTRITION WITH UNLIMITED RESOURCES. 9

as predictions about how the interaction will turn out. The only difference between A

and B is that the former moves first. But the game is infinitely long, so this does not

seem like a big difference. The game is almost symmetric. When a game is a symmetric

or almost so, analysts often look for equilibrium profiles which are nearly symmetric. By

this standard, the asymmetric pure-strategy subgame perfect equilibrium profiles are not

very satisfying predictions. As we will see, the mixed-strategy subgame perfect profiles

are much more symmetric and as such more appealing predictions about how the war of

attrition will play out.

14.2.3 The mixed-strategy subgame perfect equilibrium.

To find the mixed-strategy subgame perfect equilibria, we identify a possible equilibrium

profile by reasoning backwards from what must be true about it and then verify that the

profile is in fact an equilibrium. Let pm denote the probability that the actor deciding

what to do at the start of the m-th round fights. Figure 14.5 updates Figure 14.4 by

including this notation. We will also assume that each of these probabilities is bigger

than zero and less than one. We will ultimately verify that this the case. But it is also

easy to see that if pm were either zero or one for some m, then the strategies will unzip

from there. The task is find the probabilities p1, p2, . . . and showing that this profile is

Nash in every subgame.

When A decides what to do at node [m], it compares its payoff to quitting, UA(quit|m),

to its payoff to fighting, UA(fight|m). The former is UA(quit|m) = −(m − 1)c since the

actors have already fought for m− 1 rounds when A at [m].

As for the payoff to fighting at [m], play moves to [m + 1] if A fights. B then fights

at [m + 1] with probability pm+1 and quits with probability 1 − pm+1. A’s payoff if B

quits is v −mc. Play moves to [m + 2] if B fights. If A fights at [m + 2], which it does

with probability pm+2, it gets UA(fight|m + 2). If A quits at [m + 2], which it does with

probability 1 − pm+2, it gets UA(quit|m + 2) = −(m + 2)cA. Putting this together, A’s

payoff to fighting at [m] is
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Figure 14.5: A mixed strategy profile.

UA(fight|m) = (1− pm+1)(v −mc)

+ pm+1

[
pm+2UA(fight|m + 2)− (1− pm+2)(m + 1)c

]
. (14.1)

Equation 14.1 defines A’s payoff to fighting at [m] recursively. That is, A’s payoff to

fighting at [m] is defined in terms of its payoff to fighting at [m + 2]. But if we write

out A’s payoff to fighting at [m + 2], that expression will involve A’s payoff to fighting at

[m + 4] and so on.

Trying to solve for A’s payoff to fighting at [m] is going to be very painful if we have

to work with the recursive expression. Fortunately, we do not because we can exploit a

“trick” or, really, a fact about mixed-strategy equilibria. Recall that if an actor is mixing

over two alternatives in equilibrium, then that actor must be indifferent between those

alternatives (see section 7.4). This implies that the payoffs to fighting and quitting must

be equal at [m + 2] because A is randomizing over them in equilibrium. In symbols,
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UA(fight|m+ 2) = UA(quit|m+ 2). We also know that UA(quit|m+ 2) = −(m+ 1)c which

in turn gives UA(fight|m + 2) = −(m + 1)c. Substituting this into Equation 14.1 yields:

UA(fight|m) = (1− pm+1)(v −mc) + pm+1

[
− pm+2(m + 1)c− (1− pm+2)(m + 1)c

]
= (1− pm+1)(v −mc)− pm+1(m + 1)c.

Now that we have expressions for A’s payoff for fighting and quitting at [m], how

do they compare? Exploiting the indifference fact again, A is randomizing over fighting

and quitting at [m]. For this to be payoff-maximizing equilibrium behavior, A must be

indifferent to these alternatives. Otherwise A would not want to mix and would instead

play the action with the highest payoff. This gives

UA(quit) = UA(fight)

−(m− 1)c = (1− pm+1)(v −mc)− pm+1(m + 1)c

−(m− 1)c = v −mc− pm+1)[v −mc + (m + 1)c]

pm+1(v + c) = v − c

pm+1 =
v − c

v + c

Note that there are no subscripts in the expression for pm+1. If we redid the analysis

for any other subgame at which a player was deciding whether or not to fight for the

k -th time, we would get pk+1 = (v − c)/(v + c). In other words, both actors fight with

probability (v−c)/(v+c) regardless of where they are in the tree. To simplify the notation

we drop the subscripts and let p = (v − c)/(v + c).

In sum, if there is a mixed-equilibrium in which the actors put positive probability

on quitting and on fighting at every node, the probability of fighting must be p = (v −

c)/(v + c). To verify that this profile actually is subgame perfect, we need to show that

the expression (v− c)/(v+ c) makes sense as a probability, i.e., that it is actually between

zero and one, and that each actor is indifferent between quitting and fighting.

Both the prize v and cost c are positive, so the denominator v+c is positive. Moreover,

the per-period cost is taken to be less than the value of the prize in a war of attrition

which means the numerator is v − c is also positive. This means p > 0. And, p is clearly
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less than one because the numerator is less than the denominator. Showing that the

payoff to fighting at any node [m] is equal to −mc as left as a (hard) exercise.

14.3 Rent dissipation in the war of attrition.

Now that we have the equilibrium predictions, we can use them to answer the questions

posed earlier.

1. How hard does each actor compete for the prize, i.e., how hard does each actor

fight?

2. What is each actor’s equilibrium payoff?

3. As in the rent-seeking game, competing for the prize is costly in a war of attrition.

What is the expected total cost of the war of attrition and how much of the value

of the prize do the actors dissipate by competing for it?

Focusing on the mixed-equilibrium, the answer to the first question is that each actor

fights with probability p = (w − c)/(w + c). As just shown, the more valuable the prize

(i.e., the higher p), the harder the actors fight. Conversely, the actors back off and do not

fight as hard when the per-period cost of fighting in higher.

A’s equilibrium payoff is easy to find. A is mixing over quitting and fighting at the

very first node of the tree. Exploiting the fact that an actor must be indifferent if it mixes

in equilibrium, A’s payoff to fighting must equal its payoff to quitting. The latter is zero.

As for B ’s equilibrium payoff, B gets v if A quits at the very outset of the game which

it does with probability 1 − (v − c)/(v + c). If A fights, play moves to B ’s first decision

node. B is mixing there, so its payoff is what it gets if it quits, −c. Putting all of this

together and letting U∗
B be B ’s equilibrium payoff gives

U∗
B =

(
1− v − c

v + c

)
v +

(
v − c

v + c

)
(−c)

=
2vc

v + c
− vc− c2

v + c

U∗
B = c
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The expected total cost to society (i.e., to both players) of allocating the prize through

a war of attrition is the value of the prize less the sum of what each player expects to get.

This is v − (0 + c) = v − c. If the per-period cost is relatively small in comparison to the

value of the prize, then most of the value of the prize will be burned up or dissipated by

competing for it. Wars of attrition are a very costly way of allocating things.


	Wars of attrition with limited resources.
	Wars of attrition with unlimited resources.
	The infinite-horizon model.
	Pure-strategy subgame perfect equilibria.
	The mixed-strategy subgame perfect equilibrium.

	Rent dissipation in the war of attrition.

