
7. Mixed Strategies and Mixed-Strategy Nash Equilibria∗

In many situations, an adversary who can predict your behavior can use that prediction

to her advantage and to your disadvantage. Worried that members of his staff might be

kidnapped on the drive to or from work if they took the same route every day, an American

ambassador recommended that each staff person identify several different routes and roll a

die kept in the car’s glove compartment to determine which route to take at any particular

time. Drug testing, whether of pilots, olympic competitors, or NBA players, is done at

random times. Were the testing done on a predictable schedule, a person wanting to take

drugs could more readily avoid being detected.

The dangers of being predictable also played out under the seas during much of the

Cold War between U.S. and Soviet nuclear submarines. Missile-launching submarines -

called boomers - tried to hide beneath the seas and be ready to launch their missiles if

ordered to do so. Attack submarines tried to find the other country’s boomers and then

secretly trail them in the hope of being able to engage and destroy them upon detecting

a missile launch.

Submarines use sonar to try to both see what is around them and discover if they are

being followed. However, most sonar systems of the time were unable to detect anything

behind them. These blind spots, or “baffles” as submariners refer to them, were an

ideal place to hide while trying to trail a boomer. In a maneuver called “’clearing the

baffles,”’ a submarine would make a large, rapid course change in an attempt to see if an

adversary had been trying to hide in its baffles. Performing this maneuver at predictable

intervals (every hour for example) would make it easier for the trailing submarine to avoid

detection, so some captains rolled a pair of dice to determine exactly how often to clear

the baffles.

Finally, consider the problem of predictability in the Customs Inspection game in

Figure 7.1. A tourist, T , has to decide whether to declare or not declare what she is

bringing into the country. The customs inspector, I, has do decide whether to inspect or

let the tourist pass through without being inspected. The tourist pays $20 if she declares,

$100 if it she is caught with undeclared goods, and zero if she does not declare and is

∗These are lecture notes for PS135/Econ110 at UC Berkeley by Robert Powell.

1



7.1 MIXED STRATEGIES. 2

Figure 7.1: An inspection game.

passed. It costs the government $10 to inspect and whatever the tourist pays goes to the

government. If, for example, the tourist decides not to declare and the inspector inspects,

the tourist is caught and pays a fine of $100. The government gets $100 but at a cost of

$10 for a net gain of $90.

Predictability can be exploited in this situation. If the inspector is going to play

“Pass,” then the tourist will want to try to get away with sneaking through and not

declaring. Sneaking in other words is the tourist’s best reply to being passed. If however

the tourist intends to sneak through, the government’s best reply is to inspect. In short,

none of the four strategy profiles in the game are Nash. One of the actors always has an

incentive to deviate.

In all of these situations, an actor’s predictability can be used against that actor.

The solution then is to be unpredictable. But in equilibrium the actors share a correct

common conjecture about how all of the actors will play. How can actor A’s behavior

appear unpredictable to B when B knows A’s strategy?

7.1 Mixed strategies.

In order for actor A to be unpredictable to B, A’s behavior must also be unpredictable

to itself. We have assumed until now that a player, say the inspector, must play one of
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its strategies for sure. It either plays Inspect or Pass. But suppose the inspector decides

to let the tourist pass with probability p. The inspector might, for example, play p = 1
2

by flipping a coin to decide. If the coin comes up one way, she inspects. If it comes up

the other way, she passes. If p = 2
3
, the inspector passes with probability 2

3
, and so on.

The tourist is now no longer sure whether she will be passed or inspected because the

inspector is not sure what she will do.

When an actor plays one strategy for sure, e.g., the inspector passes for sure (p = 1)

or inspects for sure (p = 0), the actor is playing a pure strategy. When an actor decides

what strategy to play probabilistically, she is playing a mixed strategy.

7.2 Mixed-strategy Nash equilibria.

The inspection game does not have any pure-strategy Nash equilibria. None of the four

cells in the matrix in Figure 7.1 are Nash profiles. The game does however have a mixed-

strategy equilibrium, that is, an equilibrium in which the tourist and inspector are playing

mixed strategies.

Let d be the probability that the tourist declares, then a strategy profile for the game

is a pair (p, d) where both p and d are between zero and one because they are probabilities.

The set of all possible profiles, i.e., the set of all possible ways that the game could be

played is the unit square in Figure 7.2. For example, the strategy profile (1
4
, 2
3
) means that

the inspector lets the tourist pass with probability 1
4
, and the tourist declares what she has

with probability 2
3
. Note that each corner of the square corresponds to a different pure-

strategy profile. For example, the profile at the lower right of the square, (p, d) = (1, 0),

corresponds to the lower-left cell in Figure 7.1.

When we look for Nash equilibria, we are looking for strategy profiles (p, d) in which

each actor is playing a best response to the other. This is an important point: When we

allow for mixed strategies, we are expanding each player’s set of strategies and as a result

there are more strategy profiles. In the case of the inspection game, we go from the four

pure-strategy profiles in the matrix in Figure 7.1 to the infinite number of points in the

square in Figure 7.2. But allowing for mixed strategies has no effect on what it means for
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Figure 7.2: The set of all possible strategy profiles.

a strategy profile to be Nash. A profile is Nash if every actor is playing a best response

to what the other actors are doing.

To find the Nash equilibria of the inspection game we follow the same three general

steps that we have used before in analyzing the rent-seeking game:

1. Find the tourist’s best response to anything the inspector might do, i.e., to any

0 ≤ p ≤ 1.

2. Find the inspector’s best reply to anything the tourist might do, i.e., to any s ∈ [0, 1].

3. Use the actors’ best responses to find Nash profiles, i.e., profiles in which each actor

is playing a best response to what the other actor is doing.

Step 1. Finding the tourist’s best replies.

Suppose that the tourist thinks that the chances that the inspector will let her pass

are .4. To find the tourist’s best response to p = .4, we calculate the tourist’s payoffs to

declaring and sneaking and then compare them. If the tourist tries to sneak through, we

are in effect in the bottom row of Figure 7.1. The tourist gets -100 if she is inspected and
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p T ’s payoff to declaring T ’s payoff to sneaking brT (p)

.2 .2×−20 + .8×−20 = −20 .2× 0 + .8×−100 = −80 d = 1

.4 .4×−20 + .6×−20 = −20 .4× 0 + .6×−100 = −60 d = 1

.7 .7×−20 + .3×−20 = −20 .7× 0 + .3×−100 = −30 d = 1

.8 .8×−20 + .2×−20 = −20 .8× 0 + .2×−100 = −20 0 ≤ d ≤ 1

.9 .9×−20 + .1×−20 = −20 .9× 0 + .1×−100 = −10 d = 0

Table 7.1: The tourist’s best replies.

0 if passed. The expected payoff to sneaking declaring is .4× 0 + .6×−100 = −60.1

If the tourist declares, play is in the top row. The tourist gets -20 if inspected and -20 if

passed. The expected utility to declaring is therefore also -20: .4×−20+ .6×−20 = −20.

Comparing the payoffs, the tourist’s best response to the inspector’s strategy of p = .4 is

to declare for sure, i.e., to play d = 1. In symbols, brT (.4) = 1.

Table 7.1 calculates the tourist’s best response to the inspector’s strategies of p = .2,

.4, .7, .8, and .9. The tourist pays 20 if she declares regardless of what the inspector

does. By contrast, the tourist’s payoff to trying to sneak through increases as the chances

of being passed through go up. Even so, declaring (d = 1) remains the tourist’s best

response as long as the probability of being passed is less than .8. If the chances of being

passed are greater than .8, e.g., p = .9, the tourist now does better by trying to get

through customs without declaring and her best response is brT (.9) = 0.

At p = .8, the tourist’s expected payoffs to declaring and to trying to sneak through are

equal. Each yields a payoff of -20. Indeed, every one of the tourist’s strategies yields the

same expected payoff against p = .8. If, for example, the tourist plays the mixed strategy

of declaring with probability d = 2
3
, then her expected payoff is 2

3
times the payoff to

declaring, which is -20, plus 1
3

times the payoff to not declaring, which is also -20. Hence,

the payoff to declaring with probability two-thirds is 2
3
× (−20) + 1

3
× (−20) = −20. Since

the payoffs to declaring for any d between zero and 1 are the same, they are all best

responses to p = .8. (They are of course all worst responses too.)

Figure 7.3 plots the tourist’s best response to p, brT (p), for p = .2, .4, .7, .8, and

1In using the tourist’s monetary payoffs as her Bernoulli payoffs we are implicitly as-
suming that she is risk neutral.
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Figure 7.3: The tourist’s best-response curve.

.9, and then connects the discrete points to construct the tourist’s best response to any

p. This completes the first of the three steps needed to find the Nash equilibria of the

inspection game. The second step is to find the inspector’s best-response curve which we

will do more directly without having to plot particular points.

Step 2: Finding the inspector’s best-response curve.

To find the inspector’s best response to the tourist’s declaring with probability d, we

first find the expected payoffs to inspecting and passing. If the inspector inspects, she

gets 10 if the tourist declares, which she does with probability d, and the inspector gets

90 if the tourist tries to sneak through, which she does with probability 1 − d. So the

inspector’s expected payoff to inspecting is UI(inspect) = 10d+90(1−d). The inspector’s

expected payoff to passing the tourist is UI(pass) = 20d + 0(1− d) = 20d.

Passing is a best reply to d when the payoff to passing is at least as good as the payoff

to inspecting. To find the values of d for which this holds solve:
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Figure 7.4: The tourist’s and inpsector’s best-response curves.

UI(pass) ≥ UI(inspect)

20d ≥ 10d + 90(1− d)

d ≥ .9

That is, when d ≥ .9, the inspector’s best reply to d is to pass the tourist, i.e., to play

p = 1. Similarly, inspecting is a best reply to d when

UI(pass) ≤ UI(inspect)

20d ≤ 10d + 90(1− d)

d ≤ .9

When d ≤ .9, brI(d) = 0.

Finally, observe that the inspector’s payoffs to passing and inspecting are equal when

d = .9. Both passing and inspecting are best replies as is passing with any other prob-

ability.2 The inspector’s best-response curve, brI(d), is plotted in Figure 7.4 along with

the tourist’s best-reply curve.

2The inspector’s payoff to passing with probability p is pUI(pass) + (1− p)UI(inspect).
When d = .9, UI(pass) = UI(inspect), so pUI(pass) + (1− p)UI(inspect) = UI(pass).
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Figure 7.5: The equilibria of the inspection game.

3. Finding the Nash equilibria.

The Nash equilibria follow directly from the two actors’ best-reply curves. Since both

players must be playing a best response to what the other is doing, a strategy profile is a

Nash equilibrium if and only if it lies on both actors’ best-reply curves. There is only one

such profile in the inspection game, namely, N = (.8, .9) in Figure 7.5 where the inspector

passes with probability .8 and the tourist declares with probability .9.

To emphasize the point that a Nash profile must lie in the intersection of all of the

players’ best-reply curves, consider the profile A = (.3, .6). This profile is not on either

actor’s best-reply curve and both can profitably deviate. If the inspector is going to pass

the tourist with probability .3, then the best reply for the tourist is to declare for sure

(d = 1) rather than with probability .6. If the tourist is going to declare with probability

.6, the best thing for the inspector to do is to inspect for sure (p = 0).

Profile B = (.8, .4) lies on the tourist’s best-response curve, and only the inspector

has an incentive to deviate. If the tourist is going to declare with probability d = .4,

inspector’s best response is not to pass the tourist, brI(.4) = 0.
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Figure 7.6: The equilibria of chicken.

7.3 A second example of mixed-strategy equilibria.

As a second example, we will find the Nash equilibria of the game of chicken in Figure 2.1

which we reproduce as Figure 7.6. Recall that actors A and B have to decide whether

to stand firm, F , or submit, S. We previously found that there are two pure-strategy

equilibria, (F, S) and (S, F ) where one side gives in and the other stands firm. We will

now look for mixed equilibria. To this end, let fA and fB be the probabilities that A and

B stand firm.

A’s payoff if it stands firm when B stands firm with probability fB is UA(firm) = 0·fB+

4·(1−fB) = 4(1−fB). A’s payoff if it submits is UA(submit) = 1·fB+2·(1−fB) = 2−fB.

Standing firm will be a best response when:

UA(firm) ≥ UA(submit)

4(1− fB) ≥ 2− fB

2
3
≥ fB

Submitting is a best response when it is at least as good as standing firm or fB ≥ 2
3
. Since

A’s and B’s payoffs are the same, the same calculations show that B’s best response is to

stand firm when fA ≤ 2
3

and to submit when fA ≥ 2
3
.

A’s and B’s best-response curves are shown in Figure 7.7. The best-response curves

intersect at three different strategy profiles, and each of these is a Nash equilibrium. There
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Figure 7.7: The best-reply curves in chicken.

are two pure-strategy equilibria, (1, 0) and (0, 1), in which one side stands firm and the

other submits. There is also one mixed-strategy equilibria in which each side stands firm

with probability 2
3
.

7.4 Two important observations about mixed strategies.

We conclude with two important observations about mixed strategies and mixed-strategy

equilibria. The first is very helpful in finding mixed-strategy equilibria. The second

ensures that there is always at least one Nash equilibrium.

Observation 1: Mixing in equilibrium implies indifference.

Suppose that (s∗A, s
∗
−A) is an equilibrium profile and that actor A’s strategy s∗A has A

playing pure strategy a1 with positive probability p1 > 0 and another strategy a2 with

positive probability p2 > 0. Then A’s payoff to playing a1 against s∗−A must be the same

as A’s payoff to playing a2 against s∗−A. That is, UA(a1, s
∗
−A) = UA(a2, s

∗
−A). Moreover,

both a1 and a2 must be best responses to s∗−A.

We will give a more detailed explanation of why this must be so below. The key idea is

that if one payoff were higher than the other, then A could profitably deviate from s∗A by
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playing the higher payoff strategy with probability p1 + p2 and the lower payoff strategy

with probability zero. But s∗A is an equilibrium strategy so there cannot be a profitable

deviation.

We will frequently use the fact that the payoffs to any two strategies that are played

with positive probability must be equal to find mixed-strategy equilibrium without need-

ing to find the best-reply curves first. Suppose we wanted to find the mixed-strategy

equilibrium of the game of chicken in Figure 7.6. That is, we are looking for equilibria

in which A puts positive probability on standing firm and on backing down, and B does

the same. Because A puts positive probabilities on standing firm and submitting, then A

must be indifferent between playing them against B’s equilibrium strategy f ∗B. Recalling

that A’s payoffs are UA(firm) = 4(1− f ∗B) and UA(submit) = 2− f ∗B, we have

UA(firm) = UA(submit)

4(1− f ∗B) = 2− f ∗B

f ∗B = 2
3

B’s indifference to standing firm or submitting against A’s equilibrium strategy of f ∗A

implies 4(1 − f ∗A) = 2 − f ∗A or f ∗A = 2
3
. Hence the mixed-strategy equilibrium profile is

(2
3
, 2
3
).

Applying this reasoning to the inspection game, the inspector must be indifferent

between passing and inspecting against the tourist’s equilibrium strategy of declaring

with probability d∗.

UI(pass) = UI(inspect)

20d∗ = 10d∗ + 90(1− d∗)

d∗ = .9

Similarly, the tourist must be indifferent between declaring and trying to sneak through

against the inspector’s equilibrium strategy of passing the tourist with probability p∗.
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UT (declare) = UI(sneak)

−20 = −100(1− p∗)

p∗ = .8

We now turn to showing that if A’s plays a1 and a2 with positive probability in

equilibrium, then A’s payoff to playing a1 must be the same as its payoff to playing

a2: UA(a1, s
∗
−A) = UA(a2, s

∗
−A). Let a1, a2, a3, . . . , an be the pure strategies A plays with

positive probability. More specifically, A plays aj with probability pj > 0 where all of the

probabilities sum to one. Using the Von Neumann-Morgenstern property, A’s payoff to

playing s∗A is

UA(s∗A, s
∗
−A) = p1UA(a1, s

∗
−A) + p2UA(a2, s

∗
−A) + · · ·+ pnUA(an, s

∗
−A)

We now show that if one of the strategies, say a1, yielded a higher payoff than another

strategy, say ak, then A would have a profitable deviation from s∗A. But this would

contradict our starting assumption that the profile (s∗A, s
∗
−A) is an equilibrium. Hence it

cannot be that a1 and ak yield different payoffs.

To verify that there would be a profitable deviation from s∗ if UA(a1, s
∗
−A) > UA(ak, s

∗
−A),let

s′ be the strategy in which A stops playing the lower-paying strategy ak and plays the

higher paying strategy with probability p1 + pk while continuing to play all of the other

pure strategies played in s∗A with the same probabilities. Then the payoff to playing s′ is

UA(s′, s∗−A) = (p1 + pk)UA(a1, s
∗
−A) + p2UA(a2, s

∗
−A) + · · ·+ pk−1UA(ak−1, s

∗
−A)

+ 0 · UA(ak, s
∗
−A) + pk+1UA(ak+1, s

∗
−A) + · · · pnUA(an, s

∗
−A).

Subtracting these payoffs to show that they are different gives

UA(s′, s∗−A)− UA(s′, s∗−A) = pkUA(a1, s
∗
−A)− pkUA(ak, s

∗
−A).
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Since UA(a1, s
∗
−A) > UA(ak, s

∗
−A), the expression on the right is positive and s′ is a prof-

itable deviation.

We have now established that all of the pure strategies that A plays with positive

probability yield the same payoff. It follows that all of these strategies must also be best

replies to s∗−A. Since UA(a1, s
∗
−A) = UA(a2, s

∗
−A) = · · · = UA(an, s

∗
−A) and the probabilities

p1, p2, . . . , pn sum to one, we have UA(s∗A, s
∗
−A) = UA(a1, s

∗
−A). If a1 is not a best reply,

then neither is s∗A, and this again would contradict the fact that s∗A is an equilibrium

strategy.

Observation 2: Allowing for mixed strategies ensures that a finite game has at least one

Nash equilibrium.

As long as we limited our attention to pure strategies, then we readily came across

games that did not have any Nash equiibria. The inspection game, for example, does not

have any pure-strategy Nash equilibria, and we cannot use equilibrium analysis to make

predictions about what the actors will do.

Allowing for mixed strategies ensures existence in a large set of games. A strategic-

form game is finite if there are finitely many players and each has only has finitely many

strategies. Most of the games we have discussed so far are finite. The rent seeking game

is an exception. There is a finite number of players, namely, the two firms. But each firm

can choose to spend any nonnegative amount on winning the prize.

Once we allow for mixed strategies, then every finite game has at least one Nash

equilibrium. It may be very hard to find the equilibrium or equilibria. But we know that

at least one exists. Note, though, that the rent seeking game also has an equilibrium even

though it is not a finite game. Just because a game is not finite does not mean that it

does not have an equilibrium. It only means that it is harder to be sure.
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